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This paper states the principles and experiments of close range photo­
grammetry by an ordinary camera with an additional fish eyes lens .. 

The subject matter described in this paper covers the geometric relation 
and the mathematical transformations between the panoramic and planimetric 
photograph, the variety on the panoranIic-photographic scale, the analytic cal­
culation on the panoramic photographic formed by fish eyes, the theory by 
means of horizontal and vertical line segments as controls and trials process 
and so on. 

1., INTROOOGrrON 

The fish eye lens, which was designed for scientific research and once 
called as all-1Io~ather lens, WeUS originally used to use at astronomical photo­
graphy and observation.. Nowadays, the fish eye lens is wide.ly used by pro .... 
fessional photographer in order to achieve specific effects.. If is considered 
that the lines taken by the fish eye lens are too complex to use for measur­
ing.. We sounded out to perform a full of imaginative application in the end 
of 1985.. We used it to take photo in studying geometric scienic space, in 
direct sense seienic space and architecture on a large scale so as to use for 
the design of planning in city.. Therefore, we proceded with theoretical in .... 
vestigations and repeated tests, thus having made encouraging progress .. 

The principal advantage about the fish eyes panoramic photography is 
that it can take huge object at very clo~e range, even less than 1 - 2m and 
they also havo the advantages of being large area of coverage, high resolution 
and of large image capacity. This paper is mainly concerned with such pro­
blems as the basic formula, scaling variety, line controlling theory and ana­
lytic process about fish eyes panoramic photograph.. According to the proposed 
theory, we have taken through the testa and verification of the 3-D control 
network and performed systematically experiments. 'fhe results obtained from 
the testa show that the theory put forward in this paper and the program drawn 
up is correct .. 

2 .. THE GEOMETRIC RELATION OF FISH EYES . PANORAMIC PHaI'OORAPH 

The photographs used in photogrammetry usually are central projection of 
the taken object on the horizontal level (the panoramic photograph or called 
as cylindrical photograph is the central projection on the cylindrical su.r.ta.ool. 
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But the photograph taken by fish eye lens is the central projection on the 
spherical surface.. So the photo scales at each parts of the fish eye pano­
ramic photograph are different from each other • 

. '2-1 The Relational Formula between the Fish Eyes PruH.>ramic Photograph 
and Phanimetric Photograph 

The fish eye panoramic photograph is the central projection on the sphe­
rical surface, taking the objective focal length f as radius (Fig. 1). 
Planimetric photo is then the central projection on the level. Assume that 
the fish eye panoramic photo and horizontal photo have the communal projec­
tion center 0', 00' = f, 0 and o' is the origin point of coordinates on 
the photoes P and P' respectively (the central point on the fish eye lens 
photo). Fig. 1 shows that the planimetric photo P is perpendicular to axial 

Fig .. " The projection relation of the fish eye panoramic photograph 

y and tangent to spherical, the tangential level is parallel to fish eyes 
panoramic photo P'" A unified projective relationship can, therefore, be 
built, and can proceed with coordinate transformation, so that the photo 
coordinates of the fish eye panoramic could transform into corresponding 
planimetric photo coordinates. Then according to the relationship of the 
central projection, the fundamental formula of photogrammetry used in fish 
eye panoramic photo can be adopted in the calculation of adjustment. 

From Fig. 1 we can know, 
gt;onletric principle, we know, 
Z = ob sinet; ob;::: ftgB .. 

oa ;::: cb ;::: x; OC = at = z. In the light of 
Lalo'b· :: l..aob::;:: J.., x::;:: ob cosJ..; 

The coordinate's relationships in fish eyes panoramic photo P' to 
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planimetric photo P can be given: 

f 
x' x :::: 

J f2 - x 
,2- .... z·;: 

f z· z :::: 

J f2 _ x';:: - zt 
2. 

2-2 The Relationship between Fish Eyes Panoramic Photo a.nd Object Space 
Coordinates 

(1) 

From photogrammetry we know that the photo coordinates x, z measured 
from single ground photo can be used to calculate the object coordinates by 
using the following formula .. 

8., X + azf + a3 z 
x - xs :::: (y - ys) b, :x + b2 f + b3 Z 

(y - ys) 
c.,x + c2 f + c3 Z 

Z - Zs :::: b,x + b,f + b3 z 

where: x, '1, z -- photogrBnlmatric coordinate in object space; 

x s ' Ys' za -- coordinates at photo station point; 

ai' b i , ci - direction cosine .. 

(2) 

Substitute the x, z in formula (1) for formula (2) and let xo::::zo:::: 0, 

therefore, the coordinates relationships between object point arl.d ita cor­
responding image point on the fish eye panoramic photo can be achieved as 
follows: 

x ... Xs :::: (y .. ys) 
b f x· z' 

+ h.;; f + b3 f 
1 ~ x.a-_ 2o,i $ - x·! - z,z 

(3) 

x' ... c2 f z' 
cff + c 3 f 

,Jrz _ xtZ - z·Z Jf2 - x·2 - z,Z 
z - Zs :::: (y - ys) x' zt 

blf + btf ... ba4 
,Jf2 .. x'Z - z'2. ,Jf2 - x· 2 .. ZU 

If the element of exterior orientation on the fish eye panoramic photo 
is a small angle, then the above formula can be written as: 

r x' 
ff .. kf 

zt 
+ Jfa - xt~- zt2 ,.jr2 ... x'z - z,~ 

x - Xs :::: (y - Ys) 
Xl z· - f ... r - w r 

J{;. - x ta - z'2. )rz ... X,2 -- z'£' 
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kf x' Wf+ f z' + 

z (y .... yS) 
.~ fA! ... xe2 _ zt2. ,·Jf2 - x· ... _ ztZ 

.. Zs ::: 
x' z' 

.Jff Jrz + f -Wf 
... x'2. .. z·' Jf2 ,2- _ zt2. - x 

(4) 

\1hen f ::: W ::: k ::: 0, then the above formula has following forms: 

x - x (y - ys) 
Xl 

::: 
S 

j f='- ... xu' - z,.:.a 
(5) 

z - Zs (Y - Ya ) 
zt 

::: 

J f2 _ x'2. - z,z. 

2 .... 3 The Scale Variation of the Fish Eye Panoramic Photo 

Since the fish eye panoramic photo is spherical central projection, its 
scale is changeable. The law of its variation is that it varies inversely 
from central point to boundary as coordinate does", From formula (1) we can 
see, if there is a sqared network on architectural vertical surface (e.g. 
\'lindows at identical length and so on), its imaging on the fish eye panoramic 
photo is shown in Fig. 2. 

From formula (1), we can get 
its anti function: 

Xl ::: 
x 

f ---------------r1'f2+ xt + z;it. 
(6) 

Zl ::: 
f _ •. _. _______ z ____ ~-

~x' + zi 

·.......----+----..,;..+----I---I-~~;:("' From formu.la (6) we CH.ll easily 

, 
Fig. 2 Geometric distortion of the 

fish eye photograph on the 
grid plane 
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8e~ that the ocala variation on 
fish eye panoramic photo is symme­
tric distribution and is the func­
tion of the coordinates (Xi' zi). 



The mathemat ical formula of strict scale on the fish eYf; panoramic photo 
is given: 

1 

(y - Y6) ,J E' sin2 r - Gt cos""r + Ff sin r 
(7) - :::: m 

wnere E', F', Gf are Gauss' cofficients, their values can be determined by 
the following formula: 

d x* .. .. 2 ( D Z* '" ~ 1-E' - (~Y - X* .2.L ) + - z* ax' ) dX' ~Y 

F' (DX* .. - x* 
'21Y* ) ( dZ* .... x* ay* ) :::: --y* ~y dX· (;) z· d z' (8) 

( d Z* * .... z* ';)y* ( d Z* - z* 8Y* ) + -y -) -y* 
ax' dX· 8z' C1 z· 

(dX* .. ;)y* 2 ~z* ,;)y" 2. 

G' :+: 
) + ( ~y* - z* ) :::: ~y - x 

d
Z

• 
8 z' d z' 

]'ormula (7) shows that the scale of any point on fish eye panoramic photo 
depends not only on preliminary value f, 'f ,W, k, y, YS' x' and Z· but also 
on the direction angle r in which ita scale bas been determined. If r :::: 0, 

the general formula on scale in parallel with the direction of axis z on 
the fish eye photo is obtained: 

1 - :::: m 

If r :::: ~o, the general formula on Beale in parallel with the direction 
()faxis z of the photo then is given: 

1 
m = (10) 

From expression G' and Et in the formula (9) and (10) we know that axis 
x' is transformed into axis Z8 and the rest items are all the same, that is, 
the variant regularity on scale of the fish eye panoramic photo is symmetric 
from each other and is changeable continuously with different point location. 
It is a function (Xi' Zi) ... Flrom this, we can reach the conclusion that whe­
ther the primary optic axis is perpendicular to object plane or oblique to 
object space plane, the scale of the fish eye photo is a variation. 

3. EXPERIMENT 

In order to test and verify that the theory about using fish eye pano­
r.3JDic photo to perform close range photogrammetry is correct, and that its 
application is possible, we use home-made crunera model sea-gull DF-135 with 
an. added fish eye lens of focal length 7.5mm or 16mm • ~Je took photoes on a 
great deal of tall buildings in the Tongji University's campus round Jan. 
1986, such as, foreign students building, foreign language department bui1d-
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ing, electrical department's building and publishing house's building and so 
on. We measured their elevation view.. In order to test the precision of 

space coordinate determined by the fish eye photo, we built an 
test site with more than 80 marked points made by metal to perform 

accuracy test. We used a theodohte model 010 to carry out forward intersec­
tion and polygon altimetric survey 80 as to determine the 3D coordinates of 
37 featured points on the electrical building in comparison with the accuracy 
of space coordinates determined by using fish eye panoramic photo. The re­
sults of accuracy test are encouraging. The surveying elevation view and 
3D accuracy test are presented respectively as follows. 

1 The Process of Single Photograph 

11he process of single photograph is mEu.n.l:r by using the single 
photo taken fish eye lens in Fig .. 3), to measure the photo coordi-
nates x·, ZU of all the feature points (door, window, intersecting point of 
exterior outline ) on the building's elevation view by means of hand-
wheel P t q of the stereocomparator.. ~rheir measured accuracy is required 
to be up to ± 0.01mm. We can then proceed with calculation using programmed 
Fortran and Basic language at microcomputer IH1 .... XT and draw elevation view 
with xy 

Fig" 3 

1 

(a) The foreign students build­
ing in Tongji Uni verai ty taken 
by the fish eye lens of focal 
length 7 .. ,5ffim 

(b) Electrical department's 
building taken by the fish eye 
lens of focal length 16mm 



They are shown in Fig. 3 to Fig. 5. The fundamental ~rinciple is to use 
formula (6) to measure straight line (line segment) L on plane xz and object 
space coordinates of the ends and to determine the values. 

( 11) 

The equation of the correction for each line segment can be formed as 
follows: 

AS Y + B Sf + C btU + Q ;: V 

\vritten into matric form: At + L ;: V 

(12) 

(13) 

The equation of the correction is under the condition of (vv];: min., 
it can be solved by rel~ation method. 

3~2 The Analytic Process of Stereograph of the Fish Eye Photograph 

The analytic process of the fish eye stereograph is mainly stereopair 
of the split photography taken by fish eye lens with the focal length 16IDm", 
By using stereomeasurement or single ph()to measurement at stereocomparator, the 
measurement accuracy on the comparator coordinates x, y, p, q or x t Y , x2 , 
yz of marked points measured is up to ± O.02mm (p, q is ! O.01mm). Then, 
the object space coordinates of all marked points are run on microcomputer 
IBM-XT with programmed Fortran language, i.e. program FDL.T (Fish Eye Direct 
Linear Transformation) and FDDLT (Fish Eye Distortion Direct Linear Transfor­
mation) • 

3.2.1 FDLT formula 

The photo coordinates formula of the fish eye photo are considered on 
the basis of direct linear transformation (DLT) formula. The formula of the 
direct linear transformation of the fish eye photo FDLT, which the results 
have been derived, is as follows: 

xt+ ~xf + 
l1 X + laY + la z + 14 

;: 0 
lqx + 1 to Y + lH Z + 1 

(14) 

z'+ L\zf + lsx + 16 Y + l1 Z + If} ;: 0 

lqx + 1 10 Y + 111 z + 1 

where: 
f 

~xf' ::;: x' .... x' 
rvf f:J. _ ;xt4 ... z'z 

(15) 

AZf z· f ..... z' :::::: . 
rif z _ )C12. 

.. 
:- z'2."" 

Substitute (15) for (14): 

f l,x + lzY + 13 z + Ii x' + ;: 0 
,Jf2. + x· 2 - z'2, lqx + 110 y + 11' z + 1 (16) 

z' f + 15 x + lsY + 17 Z + 18 
0 ;: 

,.J £2 - xt2. _ zt2 l'lx + 110 y + 1 t j Z + 1 



Table 1 

-
til 

I'd 3D checking indoor field Electric building of 
0 

~_f!~!~_~~!~l ___________ 0 ...,. 
f-J ~ ~---~-~~----~-~--~-~-~------~~-------~~-------~ photographic base photographic base LG* y=18 .. 4m, base B=1~ c+ OJ ...,. B=1m B=2m 
a ~ 
I:f 

~ mt IDt mt LG~ mx my mz rot ~G* mx my mX, mt fiX my fiz mt aT (D y Y Y Y Ii 

N m mm mm mm mm m mm mm mm mm mm mm mm mm 

51 2 2.,31 2",7)8 2.83 2.50 
1 

3 2 ... 11 2.07 2.31 2.16 
1 

-OOC 1Jnr 31.48 18..19 43 ... 94 28 .. 20 
1 FDLT 

6'53 69 3 2.21 2 .. 26 2 .. 48 2 .. 31 1 3.5 2.,,07 2 ... 09 2.19 2 ... 11 1 11?l55 11i2O 

51 2 2 .. 09 2 .. 33 2 .. 71 231 
t 

3 1 .. 98 1 .. 93 1.,78 1 .. 9) 
1 

1 FDDtT 1-m5 1578 12",10 7.,75 12.d) 10 ... 68 1700 
69 3 1.,,97 2 .. 03 205 201 1 3.5 1.,76 1 .. 88 1 .. 69 1 .. 71 1 11492 1977 

Remark: LG* -- longitudinal distance; 
mt -- the mean error of points locations., 

I I ! 
1 ! 

- JJI i I J I I III 1 I J 
I I 

IJ till 
-,--,L_' 

Ii' , __ J~ ttdht till hi r-mht t:trlht HJ1ht ttI1 ITt ttrL1It II ii' , II LUI 
I 
! 

bJj trt tlli<!rt Hliti twill -HJ1 tn- till tIt tlILtrt 1111 ! I II 11111 II 1,1111 -1-1 ! ; 
FfTrlTI ttrilIt -fujI,-; I 

-~:~ :-- _Hli !Tt Jtri H JtrLtrt -frll .1 
111 ITt III_IJJJ ill U.lL --·1-- 11 

i : 

HTiTI! ! ---,----r Itdht ttrlht HTlri H11ht H-rlh-t HT1ht HI1trt 1/ II I I IJ 11 11 
o 0 o 0 0 -I "l - 0 Cl a 0 

I I-

II UJII 

l-~ 
ttd-ht t1Jj tIT lm! ~T -Ill ht HT1ht -rm ht HT11Tt . I I ! i I I II III I 

ttriM- ttribt -t1Jj, trt ttILlIt ttTiht tJJLtrt t!Jj _lIt II1II I II 'I'll J LlLLLl 1='---,_~c 
thiht ttrLtrt lhll'l III ht H11ht tdJrt ltTi ht I I I I : I ~ II I Ii I I JJI111 -'-tJ l 

I I I i I tirl-hl lliHd Id-trl -lID-td twill [tj-hl tbHrt I _' 
I I J l~ II .IIi i I -1-· -t-- I ! I 

I I 

Original Scale: 1:300 

Fig. 4 Electric department building (northern elevation view) 
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3" 2 FDDLT formula 

FDLT formula only considers the coordinates relational expression between 
fish eye photo and general photo, whereas it ignores all errors such as symme­
tric and asymmetric objective distortion of the fish eye lens. Now, here, we 
have considered the all correction about the objective distortion etc. The 
formula on the fish eye distortion DLT, of which the results have been deri .... 
vated is as follows: 

+ + :::: 0 

19 x + 1 10 y + 111 Z + 1 ( 

Z-' + A :::: 0 

where: 

A X f :::: X ... x, :::: x' (~~=~==~:;-- .... 1 ) 

(18) 

... 1 ) 

4 X'n ::: (x - xo ) (k1 r2 + kz 

+ (x - x o) (z -

II zn :::: (z - zo) (k, r' + kz.r4 + k3rti) + 2p 1 (x - Xo) (Z ... Zo) 

+ pz ( r2 + 2 (z ... zoi J 

r2. ::: (x .... xoi" + (z ... zoi' 

where: x', z' are the comparator coordinate of the fish eye photo; 
x, z are the comparator coordinate on general photo is trans-

formed from comparator coordinate on the fish eye photo; 
x o ' Zo are principal point coordinate at the comparator coordinate 

system; 
11 .... 11\ '» k1' k2,' ka' P, ,P2. are 16 undetermined coefficients; x, y, 

z are objective space coordinate. The statistic accuracy of the coordinEd;ea 
derived by the way of the geodesy and the undetermined points solved by FDLT 
and FDDLT formulas are shown in Table 1. 

From Table 1, we can see that the degree of accuracy of the solution by 
FDDLT higher than that of the FDLT. It means that when using the photo 
taken by fish eye lens, besides symmetric linear distortion, in existence 
there is considerable asymmetric distortion. Therefore, when using fish eye 
lens to proceed with close range photogrammetry, it would be best to use 
FDDLT solution .. 

4. CONCLUSION 

The experiments and methods presented in this paper possess very practical 
or immediate significance. Because the fish eye lens photography has the ad­
vantages of large areaaf coverage, high resolution, light-weight and of a low 
price. It can take huge object at very short distance, and carry out image 
process by using analytic method, and it is very applicable ffild suitable in 
close rang photogrammetry~ It especially has a unique style in design of 
scenic area and enhances scientific ties between intuitim space and geometric 
space.. Through many tests the correctness of mathematical model derived and 



the reliability of the program worked out has been proved. 

The controlling theory on line segment, algorithm and single photo pro­
cess method of the fish eye panoramic photo introduced in this paper are also 
especially suitable for surveying in architectural elevation view. The rea­
son is that the outlines of the building are horizontal or vertical and it 
very convenient to measure the line segment on the building substituting the 
controlling line segment method for control point, we thus reduce field work 
requirements and raise working efficiency of the stereo photogrammetry is 
carried out by fish eye lens, it would better use the FDDLT solution, as it 
can correct effectively the scale variation of the fish eye photo and dis­
tortion ... 

Original Scale 1:200 

Fig ... 5 Southern elevation view of the foreign student building 
in Tongji University (western part) 
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